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Numerisch berechnet wurden der Imaginarteil, der
dispersive Anteil des Realteils und der gesamte Real-
teil des optischen Potentials fiir verschiedene Werte
des Fermi-Impulses pr. Um die Anzahl der Integra-
tionen zu beschrianken, wurde teilweise die Raum-
winkelmittlung nach BrueckNEr!? verwendet. Die
Ergebnisse sind in den Abb. 1 — 3 dargestellt. Es er-
geben sich dhnliche Werte wie bei Hopgson 13 und in
der Gasapproximation. Den Hauptbeitrag zum
Realteil des optischen Potentials liefert der Hartree-
Fock-Anteil (s. Abb. 1 und 2). Verwendet man eine
effektive Massenapproximation, so wiirde sowohl
der Realteil als auch der Imaginarteil kleiner wer-

12 K. A. Brueckner, The Many Body Problem, Wiley, New
York 1958.
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den. Zu Vergleichszwecken sind in den Abb. 4—6
das optische Potential bei Beschrinkung auf den S-
Wellenanteil dargestellt. Der Imaginarteil und der
Realteil werden wie in der Gasapproximation !* und
der A,)-Approximation 1° kleiner. Im Gegensatz zu
Sitenko 8 beschridnken wir uns bei den S-Wellen
nicht auf ein rein attraktives Nukleon-Nukleon-Po-
tential.

Herrn Professor Dr. G. Stissmany und Herrn Dr. G.
WeemanN danken wir fiir fordernde Diskussionen.

Die Durchfiihrung der Rechnungen am Deutschen
Recheninstitut in Darmstadt wurde durch die Deutsche
Forschungsgemeinschaft erméglicht.

13 P. E. Hopeson, The Optical Model of Elastic Scattering,
Oxford University Press, London 1963.
14 M. WeiGeL, Z. Physik 200, 398 [1967].
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The relaxation coefficients to be discussed are given by collision brackets pertaining to the
linearized collision operator of the generalized Boltzmann equation for particles with spin. The
order of magnitude of various nondiagonal relaxation coefficients which are of interest for the
SENFTLEBEN-BEENAKKER effect is investigated. Those nondiagonal relaxation coefficients which
are linear in the nonsphericity parameter ¢ (¢ essentially measures the ratio of the nonspherical
and the spherical parts of the interaction potential), as well as some diagonal relaxation coef-
ficients are expressed in terms of generalized Omega-integrals.

In the previous paperl, by application of the
moment method, a set of “transport — relaxation
equations” (TRE) has been derived from the gen-
eralized Boltzmann equation for particles with
spin2. The transport — relaxation equations com-
prise the constitutive laws (in first and second
hydrodynamical approximations) for all the irre-
versible processes of interest. The pertaining trans-
port constants can be expressed in terms of certain
relaxation coefficients, i.e. collision brackets.

In view of the SENFTLEBEN-BEENAKKER effect 3: 4
— influence of a magnetic field on the transport

1 S. Hess and L. WALDMANN, Z. Naturforsch. 21a, 1529
[1966]. In the following, this paper will be referred to
as I.

2 L. WALDMANN, Z. Naturforsch. 12a, 660 [1957]; 13a,
609 [1958]. — R. F. SNIDER, J. Chem. Phys. 32, 1051
[1960].

properties of polyatomic gases — the correlation
between linear momentum and internal angular
momentum (“‘spin’’) of molecules, set up in a trans-
port situation, is of primary interest. This correla-
tion — without field — causes the transport con-
stants to differ by a certain small amount from
the ““isotropic’”” values which would be found with-
out such correlation. However, if a magnetic field
is applied, the correlation between linear and angular
momenta is partially destroyed by the precessional
motion of the “spins”. Consequently, the transport
constants, at least partially, approach their isotro-

3 H. SENFTLEBEN, Phys. Z. 31, 822, 961 [1930]. —
H. ENGELHARDT and H. Sack, Phys. Z. 33, 724 [1932].

4 J.J. M. BEENARKER, G.ScorLks, H. F. P. KNaap, and
R. M. JoNKMAN, Phys. Letters 2, 5 [1962]. — L. L. Go-
RELIK and V. V. SiNitsyN, Sov. Phys. JETP 19, 272
[1964]. — J. KorviNg, Thesis Leiden 1967.
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pic values. This qualitatively explains the magnetic
field dependence of heat conductivity and viscosity
observed experimentally with paramagnetic3 and
with diamagnetic gases?4.

To get detailed insight into the nature of this cor-
relation and its role in the SENFTLEBEN- BEENAKKER
effect one has to study the relative order of mag-
nitude of the various ‘“‘nondiagonal” relaxation co-
efficients which couple — in the TRE — the heat
flux vector and the friction pressure tensor with
moments that are mean values of “‘spin”’-dependent
expansion vectors or tensors. In the present paper,
such an investigation shall be given for particles
with spin (in the proper sense).

As an example, ortho-hydrogen molecules at low
temperatures (where only the rotational state ! =1
is occupied) may be considered as such particles
with spin in the proper sense. Although the model
of spin-particles has a limited applicability for poly-
atomic gases, some of the results obtained with this
model may be representative and typical for any
molecule with rotational degrees of freedom.

The kinetic theory of the SENFTLEBEN-BEENAK-
KER effect has been treated within the last few years
in a great number of papers starting with the
one by Kacan and Maksmov5, continued by
WaLpMANN and KupaTT6, McCoURT and SNIDER7,
Kxaar and BEENAKKERS, and Tip82, For a full
list of literature, reference is made to BEENAKKER’S
recent review article9.

Firstly, some general remarks on the collision
brackets for particles with spin are made (§1). Then
the diagonal relaxation coefficients pertaining to the
heat flux and friction pressure are related to £2-
integrals where, instead of the scattering cross sec-
tion of the monatomic gas, a spin averaged cross
section appears (§ 2). In the main part of this paper
(§ 3—5), we are concerned with the orders of mag-
nitude of those nondiagonal relaxation coefficients
which are of interest for the SENFTLEBEN-BEENAK-
KER effect on the heat conductivity and the vis-
cosity. A scaling factor ¢ is introduced which essen-
tially measures the ratio of the nonspherical and
the spherical parts of the interaction potential. A

5 Y. Kacan and L. Maksmov, Sov. Phys. JETP 14, 604
[1962].

6 L. WaLpmaNy and H. D. Kupart, Z. Naturforsch. 18a,
86 [1963].

7 F. R. McCourtT and R. F. SNIDER, J. Chem. Phys. 46,
2387 [1967]; 47, 4117 [1967].

S.HESS AND L. WALDMANN

nonspherical scattering amplitude operator is used
involving spin-dependent terms of known orders of
magnitude 0. The nondiagonal relaxation coeffi-
cients of order ¢ are expressed in terms of gen-
eralized Q-integrals. Next, in “‘spherical approxima-
tion” (i.e. the nonspherical part of the scattering
amplitude is neglected) some diagonal relaxation
coefficients for moments of spin dependent quan-
tities are related to Q-integrals involving the spher-
ical part of the scattering cross section only (§ 6).
Finally, we briefly compare the orders of mag-
nitude of the nondiagonal relaxation coefficients
given here for the model of spin particles with
those known for the case where inelastic collisions
are of importance (diatomic gas at room tempera-
ture) (§ 7).

§ 1. General Remarks on Collision Bradkets

The non-equilibrium state of a gas consisting of
particles with spin is described by the one particle
distribution function

flz,f(t7 x, Vl,Sl) (11)
with the normalization
trlfd3V1f1=n, (12)

where 7 is the number density. Here ¥; is the
velocity of a particle measured in units of

2kTo _ /2,

*7n7' = 3 0>
(To: equilibrium temperature), s; is the vector spin
operator (in units of 7).

(1.3)

In T, the deviation of f; from its equilibrium value

—Ha (1.4)

for = mom—3/2e

(no: equilibrium number density) has been expanded
with respect to a complete set of orthonormalized
Cartesian tensors <D§}l) u (parity P=(—1)!) and
pseudo tensors ¥(? , (P=(—1)!*1) of rank =0,

PRy 3
1,2... depending on ¥; and s;. Expansion tensors

of equal rank and parity are distinguished by super-
scripts. The mean values of these expansion tensors

8 H. F. P. KNaap and J.J. M. BEENAKKER, Physica 33,
643 [1967].

8a A. Trp, Physica 37, 82 [1967].

9 J.J. M. BEENAKKER, in Festkorperprobleme VIII, ed.
0. MADELUNG, Vieweg, Braunschweig 1968.

10 S. Hess and W. E. KOHLER, Z. Naturforsch. 23a, 1903
[1968].
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evaluated according to

(@) = Lty [V D (Vi,s)  (15)
are the time and space dependent expansion coeffi-
cients a{) , and b{ , which appear in the trans-
port-relaxation equations (TRE). The relaxation co-
efficients w(¥ between the I-th rank tensors with
parity P (also occurring in the TRE) are related
to collision brackets in the following way:

0P = 21+ 1) 1(DP , o(@F ). (1.6)

Here w (@) is the linearized collision operator of
the transport equation for particles with spin. The
bracket ( o refers to an average like (1.5) but
with fo; instead of f;. General properties of the col-
lision brackets (parity and time reversal behavior,
definiteness, symmetries) have been studied earlier?!.

For particles with spin the relative kinetic energy
is not changed during a binary collision. Of course
total momentum is conserved too. So, one has the
encounter relations for a pair of particles labelled
by 1 and 2 (where primed quantities refer to the
precollisional state and unprimed ones to the post-
collisional state):

L

1 ,
V1:71/27(V+ye)7 Vl’: V2”(V+‘J/e');
(1.7)
o V= (¥ — pé’
V2—'V2'( —yet: Yo=gg(F—ye).

Here V is a dimensionless center of mass velocity
of the pair of particles, y the magnitude of the
dimensionless relative velocity, e’ and e are unit
vectors in the direction of the relative velocity be-
fore and after collision:

, ’ 1
tn+V) =3V +V)= 2 Vi (18
V1—V2:V§ye, V;—V;:nge'.
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Due to (1.7), one has .
forfo2d3V1d3Ve=ngna—3e V' ~7*d3V y2dy d2, (1.9)

where d2e is the solid angle element of relative
velocity.

The collision term of the transport equation for
particles with spin contains the scattering amplitude
and its adjoint separately rather than their com-
bination as a scattering cross section. The scatter-
ing amplitude @ depends on the relative kinetic
energy, the directions of the relative velocities be-
fore and after the collision (i.e. on e’ and e) and
on the spins s; and sy of both colliding particles:

a=a(kToy2; e, e; s1, 83). (1.10)

In the following, we shall not indicate the dependence
on the energy and the spins explicitly but simply
write a(e’, e) instead of (1.10).

Now we are prepared to write down the collision
bracket (¥ w (D))o for two functions ¥ and @ in
a form which, although different in appearance, is
equivalent to that used in I. With the help of
the optical theorem, the collision bracket will be
divided into two parts. The first one is bilinear
in the scattering amplitude and its adjoint and
yields the classical Boltzmann collision term for
spinless particles; the second term contains the
“real part of the scattering amplitude”

Rea = 1(a+ af) (1.11)

in the forward direction and vanishes for spinless
particles. Introducing the thermal velocity

(1.12)

and the abbreviations
D =D (Vi,s), P,=D(V,s), (i=1,2)(113)

one has

(Wor(@)yo = noco o | BV e {P1}ale, &) [al (¢, e) (B1 + Po) — (D) + P)al (¢, e)]

+ V13D + Dr)ale, e) —ale, €) (D) + Dy)]at (e, e)} + (P& (DP)o.

(1.14)

Here the curly bracket {...} denotes the following average:

r — 2 1 ’
{}:dey% L4 Tﬂ—yj‘dzedze (2"8%—71)2“.

try trg

(1.15)

The part of the collision bracket linear in the real part of the scattering amplitude is

(P& (D)o =mnon=3 [[A3V dyy2e= "7 [d2

tl‘l tI‘g
(28 + 1)2 2mqe

s Reale, ) | (B + Ba), (P2 + Pa)]. (116)
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The bracket [A, B] denotes the commutator AB
—BA. This term gives no contribution to the
collision bracket if (at least) one of the functions
Y1, @ involved does not depend on the spin or if
¥, equals @, apart from a spin-independent factor.

For the case where @ does not depend on the
spin one has

W o @)0 = 100 gz | BV (Pro(e,e) 0(D)},

(1.17)
with
(D) =D, + Dy — D, — (1.18)
The “cross section”
o(e,e')=ale, e')al(e,e) (1.19)

still depends on the spins s; and s;. Evaluating a
collision bracket (¥ (®))o according to (1.14) or
(1.17) one can immediately integrate over the center
of mass velocity ¥ since the scattering amplitude
does not depend on it (due to Galilean invariance).
As we shall see in § 3, 4, some conclusions concerning
the magnitude of various relaxation coefficients re-
sponsible for the coupling of velocity-spin-correlation
moments with those underlying the heat flux and
the friction pressure can already be drawn at that
stage.

§ 2. Relaxation Coefficients for Mean Values
of Spin-Independent Tensors

The heat flux g, and the friction pressure p,, are
proportional to the expansion coefficients a{?) and
a(}) defined in I. These in turn are the mean values
of the expansion tensors

2
@1(3) = ‘75* (V ) Viu (2.1)
and
oD, =2 Viu V1, (2.2)

where a,b, denotes the second rank irreducible part
of the tensor a,b,:

auby = L(auby + ayby) —La-body.  (2.3)

Without the small corrections (of order of the
thermal diffusion factor) which arise from higher
Sonine polynomials, the diagonal relaxation coeffi-
cients ®3 and oLV would determine the heat con-
ductivity and the viscosity, respectively, of a gas
consisting of particles with spin if no correlations
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between velocity and spin would be set up by the
irreversible processes. The nondiagonal relaxation
coefficients w®® and @&V, k+3, 1 respectively,
which lead to such correlations (by coupling mean
values of spin-independent tensors to mean values
of spin-dependent tensors) shall be studied in the
following sections.

Here we shall show that the collision brackets for
spin-independent tensors can be related to certain
integrals 2¢" which are analogous to CHAPMAN’s
integrals Q") of the monatomic gas1! but with the
scattering cross section of spinless particles replaced
by a spin-averaged cross section &.

For the evaluation of 3% and 'l we use the
collision bracket in the form (1.17). Due to (1.7) and
(2.1, 2) we have

SO =2/ L 2 enee i) Ver 24

and
(DY) = )22 (epey — ene,). (2.5)
Carrying out the integration over ¥ we find
1
o = (PP o (PP))0 (2.6)
16 ; ;
= 15 M0co{yiale e) (1 — (e e)?)}
and
ol = @@
8 ’ !
:gnoco{y‘la(e,e)(l—(e-e)2)}, (2.7)
and this clearly shows that
3
Now we define
o (2.9)

= co[dyy*2 e " 27 [sin ydydya(l — cosly),
0 0
where y is the angle between e’ and e:

cosy=e-e’, (2.10)
and o =0 (kToy2, x)is the spin-averaged differen-
tial cross section

»7t1‘1. tra ‘ ,

(2’S __?152 U(e, e ) .

11 §. CaapmaN and T. G. Cowring, The Mathematical
Theory of Non-Uniform Gases, Cambridge 1939. —
J. 0. HirscHFELDER, C.F. Curtiss, and R. B. BIrD,
Molecular Theory of Gases and Liquids, Wiley, New York
1954. L. WALDMANN, Transporterscheinungen in Gasen

von mittlerem Druck, in Handbuch der Physik, Vol. 12,
ed. S. FLUGGE, Springer, Berlin 1958.

0= (2.11)
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To find the connection between these Q-integrals
and curly bracket integrals like that occurring

in (2.6), we note that (4n)‘1f_fdze d2e’... can be
replaced by 27 [ sin y dy... if the function to be
0

integrated depends on e and e’ via e-e’ only.
Recalling the definition (1.15) we find the identity

oy ole &) (1 — (e ¢} = D, (212
Thus we have
wg})_% (33)_,, DY, (2.13)

The scattering cross section o (e, e’) can be divided
into a spin-independent part go(e - e’) and a spin
dependent part. Later on we shall need integrals
like (2.9) where the spin-dependent part of o (e, €’)
has been neglected, i.e. where gy replaces . For
these we shall write 2¢" (without the bar).

§ 3. Relaxation Coefficients Coupling the Heat
Flux to Mean Values of Spin-Dependent Vectors

In this section we are concerned with the relaxa-
tion coefficients

(k3) _
o =

5 (BB o (@) (3.1)

(k + 3) which, in the TRE, couple the heat flux with
mean values of the following spin-dependent ex-
pansion vectors:

oD — g% (V X 8)u,

"

3 —
(b“) = TSTS'- SusSy Vy,

¢9=5VF I(W ﬁszn,
5
D) = 31/; SoSi (V2 — ?)sus,, Vy,

o0 =121 V7,7V
P 77»786*91 uVy Visy$Si,

with

(3.2)

VuVyVa= ViV, V,
— LV2(Viuowa + Vyour + Vidu).
The abbreviations

So=)SES +1), Si=)S(S+1)—% (33)
have been used. The vectors @ and ®® are odd
in s and even under time reversal (V,s——V, —s).
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The other vectors @@, ®© and & contain the
second rank tensor ss and are odd under time re-
versal. The last two vectors of (3.2) did not occur
in I. The time reversal invariance of the scattering
amplitude implies Onsager-Casimir relations for the
nondiagonal relaxation coefficients (see I). In par-
ticular we have

0% = — B for k=25, (3.4)

and
[)(IC3) — [](Sk)
-1 -1

for k=4,6,7 (3.5)

Firstly, we want so show, that »3® vanishes for a
pure gas of spin particles. To this end we write down
% explicitly, using (1.7), (1.17) and (2.4):

2 /31 8 B
wi‘i‘”'):-g—]/;SO no sz Co‘fd Ve~ V*

: {E/twl (Vo + vey)sio(e, e ") 72 (eneo — e; e;) Ve} .
Noting that

J'd3Ve‘V2V9=0; —3/2fd3Ve"2VyV9 3 0o
and eupseuey = €ura e# e, = 0, one immediately finds
ol = — p? =0. (3.6)

Thus we arrive at the conclusion that there is no
(direct) coupling between heat flux and “azimuthal
spin” (¥ X s) in a pure gas of particles with spin.
No assumptions concerning the spin dependence of
the scattering amplitude have been made. This re-
sult is typical for a pure gas. With a mixture of
spin particles, the azimuthal spin may be coupled
to both the heat and diffusion flows.

Next we want to express the other %% (k=4 —17)
by curly bracket integrals (which are non-zero in
general).

Integrating over ¥ one finds:

0 = BY (3.7)
8 NnoCo ’ )
=5 RSy {y2siusivo(e, e)(eper —e,e,)},

B = — B (3.8)

2 noc¢ ’ 2 ’
= — V3 g °{y4slla(e,e)£;,m,eye,.e - e}

Dividing o (e, €’) into a part

$(o(e,e) +

o(e’, e)) (3.9)

which is symmetric under the interchange of e and e’
and an anti-symmetric part

os(e, e') = os(e’, e) =

t(o(e,e’) —a(e'e)),
(3.10)

O'a(e, e') = = Ga(e,7 e)



1898

one sees that in both of the integrals (3.7) and (3.8)
o, only gives a contribution. Thus we may rewrite

1_6 - Mo Co

(_413) = V5 *S;g; {yZSIuSIyeu €y Oq (e7 e')} > (3'11)
and
4 2
w8 = — 5 V3 n‘gco {ytcos ysin y n-syo4(e, ')},
(3.12)
where the unit vector
n=(siny)le xe, (3.13)

which is perpendicular to the collision plane, has
been introduced.

As we shall see later, there are strong indications
that for collisions of nonpolar molecules g, is smal-
ler than o; by at least a factor 10. Therefore we
may neglect o, in collision brackets, where o,
already gives a non-vanishing contribution. This
is the case with w® and w(7® for which one finds

70 Co

o = o = 512 5

(3.14)

—

“{yteusiusiy(ey —e,co8 ) os(e, €)} + O(oa) ,
and

- 6 noc
ofP = oD =41/5 528

Y (3.15)

- 7
“{ydsi1us1y (euererer —eyeye;e;) os(e,e’)} + O(oa).

Here O (o0,) stands for terms which contain ¢, but
not ¢s. Since

e — e—— r'_7' ’
Susy(eueyeres — eueye; €;) (3.16)
9 — .

=5 Suy (euey — cosxe e,) — 15 Susy (eper—ee,)

we have, in this approximation,
o
o =1/3 0% + 0(ca).

Thus we see that both ®©® and & will be of equal
importance for the Senftleben-Beenakker effect.

(3.17)

§ 4. Relaxation Coefficients Coupling the
Friction Pressure to Mean Values
of Spin-Dependent Tensors

Now we shall deal with the “‘tensor’ relaxation
coefficients

1
o = 5 <DL (D))o, (4.1)

S. HESS AND L. WALDMANN

(k=1) which, in the TRE, couple the friction
pressure tensor with mean values of the following
spin-dependent expansion tensors:

@ _ /15 1
Q)""’ - 2 So8S: Susv
9 T ——
¢§E:) == So Euan Vy Vasx,
5 3\m™—
@‘5) Slg 1(V = )s,,s,,, 4.2)

(1551(1)—61/7 oSt VﬂVQ';SV’

5

1
5T < VaVoViVisasy.

¢(1)

The tensor @) is odd in s and its time reversal
behavior is odd, opposite to that of @(1); the other
four tensors contain the spin tensor “s,s, and are
even under time reversal. As always, the bar =
denotes the (traceless) irreducible part of a tensor.
Here we have the following Onsager-Casimir
relations

o =P for k=2,5,6,17, (4.3)
of) = — ol . (4.4)

The coupling between the tensor polarization
{susyy and the friction pressure is determined by
o). Using (1.17) and (2.5) one immediately obtains

WZD = o)
3 ngco
= 8V5 A

3 n ,
= 161/ 5 SOSO {¥2s1451y €uer oa(e,€’)} .

r

e;t ev)}
(4.5)

{y? slusl,,cr(e e') (e ey —

Clearly this relaxation coefficients can be expected
to be rather small since ¢, only gives a contribution
in (4.5). Comparing (4.5) with (3.11) we have
exactly:

W) = Y30ty

Hence we arrive at the important conclusion that
the coupling between tensor polarization and friction
pressure is of equal order as that between the
longitudinal component of the tensor polarization

(4.6)

<.;; - V) (Kagan vector) and the (translational) heat
flux. Similarly one finds

(51) - w(15)
—8 2 mo Co 2 —
5 So Sl
Again g, only gives a contribution to this relaxation
coefficient. For a gas-mixture, however, one obtains

(4.7)

3) S1u81v €uey 0ale, e)}.
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a relaxation coefficient containing ¢, which couples
the “weighted” tensor polarization {(V2 — 3) Sy Syy
to the friction pressure.

Next, we note that o3} is proportional to »$®
much as 0 equals w%4® apart from a constant
factor. A short calculation yields

o = — ol = — 275"
“{y*si1a0a(e, ) erppepere - e}. (4.8)
Comparing this with (3.8) we have exactly
P = — P =2 V:?:w(f}?') : (4.9)

Finally we shall show that 08} and »{ can be
expressed by collision brackets containing oy.
Integrating over ¥, one obtains

24 - /10 mnoco
61) — (16
oy = ol =7 V’7‘I§Esi

(4.10)
“{ytege s1us1y0 (e, €') (egey — e;e;)} .

Since

—_——

7 === . ,
SusSyeueg(egey — e,e,) = Susy(e ey, — €' -eeye,)
= 2
- %Sﬂsr (ellei’ — e[lel') (411)

we find

(0(61): 24 IQ ngCo
+2 5 7 S80S

Ayrsiusiy(euer — €' -eey e)) os (e, e)} + O(oq) .

(4.12)

Comparison with (3.14) yields the approximate
relation

o® — 3 V 2 o, (4.13)
Similarly to (4.10), one obtains
7 2 5 NoCo
oY =3 V255 (4.14)

—

6r-—1 , ,
. {7 ejexeyeyS1uSiy ol(e, e’) (epey — elex)} .

Due to the relations
12—
€uererex €16y = 35 €uly

and
—_—,, , I\ 4 —
eueyesexe,e, = (e-e)2—-7 euey — €€ eye,
2 7
— 35 €ubr > (4.15)
we find

. 22 moco I ,
o = 75* 55, {y8 s1u810[enes(l — (e~ €')2)

— 4 (euey — e~ € eye,)] 0s(e,€')} + O(oa) . (4.16)
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§ 5. Scattering Amplitude, Order of Magnitude
of the Coupling Relaxation Coefficients

Now we want to determine the relative impor-
tance of the various nondiagonal relaxation coeffi-
cients w%® and 'k which have been expressed by
curly bracket integrals in the preceding sections.
All these relaxation coefficients leading to a cor-
relation between velocity and spin are zero unless
the scattering amplitude contains a ‘“nonspherical”
part. Not all of them are of equal importance for
the Senftleben effect.

A two-particle operator like the scattering am-
plitude or the two-particle interaction potential is
called “spherical” or “nonspherical”’, respectively,
if it does or does not commute with the total spin
81 + 89 .

As a measure of the nonsphericity we introduce
the scaling factor ¢ which determines the order of
magnitude of the nonspherical part of the two-
particle interaction potential as compared with its
spherical part. The nonspherical part of the scat-
tering amplitude then contains terms of order ¢ and
higher powers in &. As a typical value, one may
expect ¢ &~ 0.1. The interaction potential for two
ortho-Hs molecules at low temperature (i.e. spin 1)
contains two nonspherical terms which are pro-
portional to 10

é‘xuvaur (5'1)
with S‘” = 81_2(81;4311! + S2u 82v) s (52)
and EXYXyXj Xy S1pS1y S24 52 - (53)

Here x is the vector pointing from the c.m. of
molecule 1 to the c.m. of molecule 2. It is presumed
that the interaction does not depend on velocities
(no spin-orbit coupling). This is always true for
slow particles. A term of the type (5.1) can be
expected to be a common feature in the inter-
action of rotating diatomic molecules, although
with higher spins additional terms with higher rank
spin — tensors may occur.

Then the scattering amplitude has the form 12

a=ay+ EAW Suv + € B/w,).n 81481y S2282x% + O (€2).
(5.4)

12 For a detailed discussion of the nonspherical potential
and the spin dependence of the scattering amplitude of
rotating diatomic molecules, see Ref. 10,
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Here ay is the spherical part of the scattering ampli-
tude. The tensors A.. and B.. are proportional to
Cartesian tensors constructed from the components
of e and e’ which are symmetric under the exchange
e, e’ —e’, e. In particular, we have

=

Aﬂv =aj(ey e; + e;, ey) + az(eyey 4 e,; e,',) . (8.5)

The scalar coefficients a; and as — just as ag — de-
pend on the relative kinetic energy (i.e. on y2) and the
angle of deflection y. An explicit expression for the
tensor B... corresponding to (5.5) is not needed
since the B-term gives no contribution of order ¢ to
therelaxation coefficientsin which we are interested.

Terms of the scattering amplitude which are
antisymmetric under the interchange e, e’ — €', e,
e.g., a term proportional to

n-(s; 4 s2),

are of order ¢2. Indeed, such terms appear only in
the second Born approximation. This holds for any
parity and time reversal invariant interaction
potential which does not depend on the relative
momentum of the colliding particles; in particular,
it is true for potentials of the type (5.1) and (5.3).

Hence nondiagonal collision brackets involving o;
can be expected to be of order ¢ whereas those
containing g, will be at least of order &2.

By using the scattering amplitude (5.4) and
evaluating the spin traces (cf. I) one indeed finds:

1
w4 = %) o) =0(e3); P =0(e);
1
o = 2y3 ofy) = 0(e?); 66)

w(_613):1/, (:3)_; V5 w®D

=¢ 3’3 [/2 SoS1moco {y*(euer — e~ e’eue;)
(a0 A, + agAw)} + 0(2), (6.7)

iy =g iV— SoS1m0co {y8[eues (1 — cos? y) (5.8)

— 4 (euey — cos geye,)] (@ A}, + ag Aus)} + O(e2).

In (5.7, 8) the curly bracket (see 1.15) can be
replaced by

fine J = fdyy:*e"ye i%ffd%dze'

due to
tritro=1(28 + 1)2.
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Note that, in order &, only the A-term of the
scattering amplitude resulting from an interaction
potential of type (5.1), but not the B-term, re-
sulting from a potential of type (5.3), contributes
to the relaxation coefficients (5.7) and (5.8). The
reason is that the B-term of (5.4) contains both of
the spins as factors so that up to terms of order ¢
vanishing traces “try’’ occur.

Using (5.5) one may rewrite (5.7) and (5.8)

o =¢ _23225 J/2 8o Sy (2% + Q%) , (5.9)

8 6
o) = ¢ 812 Soslno< e, T ,74%22,3))

(5.10)

where Qy; and Qg2 are defined in analogy to 0
(see 2.9) but with G replaced by

001 = cos y Re(apay) , (5.11)
and
ooz = Re(agay) , (5.12)
respectively.
By (5.7—10), supplemented by the relations

(3.17) and (4.13), all relaxation coefficients of order
& which couple the heat flow and the friction pres-
sure with mean values of the spin dependent ex-
pansion tensors (3.2) and (4.2), respectively, have
been expressed by generalized £2-integrals.

In contrast to o9 = |a0 ]2 whose dependence on
y2 and y is well known for certain model interaction
potentials, little is known about a; and as. In order
to get a feeling for the orders of magnitude involved
we apply the guess:

a1=0, as = ag . (513)

Then one has

lel.r) =0, -Qf)lé') — Qn

where Q0" contains the cross section g9 = |ag|2.

This model is somewhat similar to the non-
spherical collision model introduced by Kacan and
Maxksimov 5 for classical rotating molecules. Note,
however, that a scattering amplitude with property
(5.13) still yields non-zero relaxation constants for
the vector and tensor polarization. This is different
from the classical KM-model.

With (5.13), the ratio of the relaxation coefficients
(5.9, 10) becomes:

(5.14)

5 7043 — 60(2.3)

e
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For rigid spheres (5.15) reduces to

= 12
P[P == or 0Pl = 1/7 5

§ 6. Relaxation Coefficients for Mean Values
of Spin-Dependent Expansion Tensors

Now we shall consider the diagonal relaxation
coefficients which are also of interest for the Senft-
leben-Beenakker effect. These are, in view of
(5.6—8), the relaxation coefficients w®* and »®F
with k = 6,7.

By neglecting the nonspherical part of the
scattering amplitude and evaluating the spin traces
(see I), one may relate these relaxation coefficients
to CHAPMAN’s collision brackets!! [..., ... ]12 which
occur with gas-mixtures. The error mvolved in this
“spherical”” approximation is of order ¢2. One finds:

09 = 12 mo[(V3 — 3) Vi, (V3 — 3) Vaahae,
ol = 241’ no[V1®, V1] 12, (6.1)
o = 2' AR AC TS

o{f) = 27 o [V1®, V1 D1z (6.2)

The collision brackets contain the cross section
= |ao|2. They are defined by

(@1, Pilia = 8com32 [d3V e~V {@1(¥1 — ¥)) 00}
(6.3)

with
D, =D(N), V1=

. try t
Again - @8 F1
be replaced by 1 here. Further, in (6.2) the ab-
breviation

¥(Vy), Pr=¥(Vy).

= 12 occurring with the bracket { } can

_— — (o 1 1
V1@, V1 0Ye = [V, oo Vi Vipy -o- Viliz (6.4)
has been used.

The above collision brackets in turn can be ex-
pressed in terms of CHAPMAN’s Q-integrals con-
taining the cross section ¢g. For the collision bracket
occurring in (6.1) see Ref.1l. Those occurring in

(6.2) may be inferred from

1M1

(V1 ®, 71910

=23 21(21 + 1) 1! Z ( )
Ayl — Pn(COSX) ) 6o} -

on
2n+ 1)1
(6.5)
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Here P, denotes the Legendre polynomials with the
normalization P,(1) = 1. Brackets of this type
have been stated by CHaAPMAN and CowLiNg1! for
=12

Using
1— P, = Ry 1—P2=%Rz,
1—Py= 5 Rs— 5 R,
1—Pi=2 Ry— ) R,
with

Ry(cosy) =1 —cos” g,
one finally obtains:

11 4 4 8 )
(66) __ : (11) (12) = 013) (22)
o' —n0(3Q 3202 + 15 Q99 + 15 Q)

(6.6)
ol = ng (2 Qun 4 g_g<22> + %Q(%) _ 3‘%59(13)),
6.7)

W8 = ng (§ QW 4 & 062), (6.8)
WD = ng (,;_Q(n) + g Qe 4 281, 0B3) _ % 003)
e lgw_2om).

In order to get an idea of the relative magnitude
of these relaxation coefficients we refer to the model
of rigid elastic spheres (cf. Ref. 11) with diameter d.
Introducing Q¢ = mcod?, one obtains

wf_ﬁlﬁ) *5?* no .Qo ~ 3.94 no Qo 3 (610)
w(_717) = ”138'5g no.Qo ~ 5.31 nogo 9 (6.11)
0 — %% g Q0 ~ 4261002 2
e = no o ~ nofdo, (6.12)
—_ 1912
o) = 515 1020 ~ 6.0Tno Q. (6.13)
These numbers should be compared with
an =2 69 = 1800 = 32000
Wip” = ? w_1 — ? Nnog o = 0.2 Ny - (614)

So, ®%® and »&) are almost equal to each other,
but larger than the viscosity relaxation coefficient

o); still larger are (7" and .
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§ 7. Concluding Remarks

In this paper, we have been mainly concerned
with the order of magnitude of various collision
brackets between spin-independent and spin-
dependent expansion tensors. For this purpose a
scaling factor ¢ has been introduced which essenti-
ally measures the ratio of the nonspherical and the
spherical parts of the interaction potential. In
particular,some of the relaxation coefficients w(_'”la)
and ot (see 3.1 and 4.1) which are of interest for
the Senftleben-Beenakker effect on the heat conduc-
tivity and viscosity, respectively, have been con-
sidered. The results can be summarized and gene-
ralized as follows:

Since the nonspherical interaction potentials (5.1)
and (5.3) contain 2nd rank irreducible spin tensors
all terms of order ¢ of the scattering amplitude
contain 2nd rank spin tensors too. This implies that
all those collision brackets (3.1) and (4.1) whose spin
dependent vectors and tensors are constructed from
irreducible spin tensors of rank !+ 2, certainly are
at least of order £2. Only vectors quadraticin s, e.g.

S§(V2) 348y Vs, (7.1)
Jr——
S (V) VuVyVasssa, (7.2)
and tensors quadratic in s, e.g.
S({/% (V2)susy, (7.3)
SEY(V2) Vi Vosgsy, (7.4)
SEL (V) V, Vo Vi Viorsn, (1.5)

13 W. E. KOHLER, private Communication.
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lead to relaxation coefficients w®® and w&D,
respectively, which may be of order &. Here Sy,
denotes a Sonine polynomial. For the first few of
these vectors and tensors see (3.2) and (4.2).

It turns out that on the one hand the Kagan
vector @@ (of type 7.1 with n = 0) and all tensors
of type (7.3) yield coupling relaxation coefficients
of order ¢3. On the other hand, vectors of the type
(7.1) with » = 1, all vectors of type (7.2), and all
tensors of type (7.4) and (7.5), indeed, lead to
relaxation coefficients w%® and w{D respectively,
which are of order e. The first feW of them have
been expressed in terms of generalized (2-integrals.

In this paper (energetically) elastic collisions have
been discussed. If inelastic collisions are important,
the orders of magnitude of the various coupling
relaxation coefficients may be different. So, for
example”8:13, both w3 and (Y are then of
order &2, in contrast to (5.6). There one also has a
relaxation coefficient of order ¢ coupling the
rotational heat flux (which does not occur with spin
particles) with the Kacan vector?,8:13,

" For diatomic gases at room temperature, the
Kacax vector and the tensor polarization are most
important for the SENFTLEBEN-BEENAKKER effect
of the heat conductivity and the viscosity?. For a
gas of spin particlesl4, e.g. ortho-Hj at low temper
atures, the vectors (15(6) dil(f) (cf. 3.2) and the second
rank tensors @), <D(7) (cf. 4.2), however, are the
more important ones.
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